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ABSTRACT
We study the dispersion relation for parallel propagating ion-cyclotron (IC) waves in a dusty
plasma, considering situations where the velocity dispersion along perpendicular direction is
greater than along the parallel direction, and considering the use of product-bi-kappa (PBK)
velocity distributions for the plasma particles. The results obtained by numerical solution of
the dispersion relation, in a case with isotropic Maxwellian distributions for electrons and PBK
distribution for ions, show the occurrence of the electromagnetic ion-cyclotron instability (EMIC),
and show that the decrease in the kappa indexes of the PBK ion distribution leads to significant
increase in the magnitude of the growth rates and in the range of wavenumber for which the
instability occurs. On the other hand, for anisotropic Maxwellian distribution for ions and PBK
distribution for electrons, the decrease of the kappa index in the PBK electron distribution
contributes to reduce the growth rate of the EMIC instability, but the reduction effect is less
pronounced than the increase obtained with ion PBK distribution with the same κ index. The
results obtained also show that, as a general rule, the presence of a dust population contributes
to reduce the instability in magnitude of the growth rates and range, but that in the case of
PBK ion distribution with small kappa indexes the instability may continue to occur for dust
populations which would eliminate completely the instability in the case of bi-Maxwellian ion
distributions. It has also been seen that the anisotropy due to the kappa indexes in the ion PBK
distribution is not so efficient in producing the EMIC instability as the ratio of perpendicular
and parallel ion temperatures, for equivalent value of the effective temperature.
1. Introduction
Observations have consistently shown that ions
as well as electrons in the solar wind may have non
thermal velocity distributions which feature char-
acteristic power-law tails (Pilipp et al. 1987a,b;
Maksimovic et al. 1997, 2005; Marsch et al. 2004;
Marsch 2006; Hapgood et al. 2011). These distri-
butions with power-law tails can be mathemati-
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cally described by functions which are generically
known as kappa distributions, whose introduc-
tion for the description of velocity distributions in
space environments is usually attributed to Vasyli-
unas (1968). Two different basic forms of kappa
distributions are used in the literature, which are
the kappa distribution as defined in Summers and
Thorne (1991) and the kappa distribution as de-
fined in Leubner (2002). Anisotropic forms of
kappa distributions can also be defined, either
based upon the functions defined in Summers and
Thorne (1991) or based upon the functions de-
fined in Leubner (2002), and may be useful for the
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discussion of instabilities in space environments.
These anisotropic forms of kappa distributions
are usually known as bi-kappa (BK) distributions,
when featuring isotropic kappa index and temper-
ature anisotropy, or as product-bi-kappa (PBK)
distributions, when the anisotropy may also occur
in the kappa indexes. Another form of anisotropic
kappa distribution is the kappa-Maxwellian distri-
bution, characterized by a kappa form along par-
allel direction and a Maxwellian distribution along
perpendicular directions (Hellberg and Mace 2002;
Cattaert et al. 2007). Kappa distributions, either
for ions or for electrons, isotropic or anisotropic,
may lead to significant modifications in the disper-
sion relations of electromagnetic waves and on the
growth rates of instabilities in plasmas (Pierrard
and Lazar 2010; Lazar and Poedts 2009a,b; Lazar
et al. 2011; Lazar 2012; Lazar et al. 2012; Lazar
and Poedts 2014; Lazar et al. 2015; dos Santos
et al. 2014, 2015).
Bi-kappa distributions have been used, for in-
stance, as part of tools to model observed features
of plasmas in the Jupiter environment (Moncu-
quet et al. 2002; Andre and Ferriere 2008; Imai
et al. 2015). Product-bi-kappa distributions are
more flexible than bi-Maxwellians and BK dis-
tributions, since their non thermal features can
be modeled by anisotropic temperatures and by
anisotropic kappa indexes, and have already been
used as a modeling tool in Lazar et al. (2012), and
also in a discussion about the instability limits for
the Weibel instability, in Lazar et al. (2010). We
are not aware of other works using PBK distri-
butions to actually fit results of observations, but
it is conceivable that this type of distribution can
replace with advantage the less flexible BK dis-
tributions or the combinations of bi-Maxwellians
which have been used in past data analysis. It is
therefore useful to investigate the effect of PBK
distributions on waves and instabilities, in order
to understand the differences between wave prop-
erties in the presence of PBK distributions and in
the presence of BK or bi-Maxwellian distributions.
In a recent paper we have discussed the disper-
sion relation and the growth or damping rates of
low frequency electromagnetic waves propagating
along an ambient magnetic field, in a plasma in
which electrons and ions can be described by PBK
distributions, assuming that the plasma may also
contain a small population of dust particles (dos
Santos et al. 2016). In such a work, we have in-
vestigated wave pertaining to the whistler branch
of the dispersion curves. The growth of the low-
frequency waves in this branch constitute the so-
called ion-firehose instability, a type of instability
which may occur when there is anisotropy in the
velocity distribution of the ions, caused either by
the occurrence of perpendicular ion temperature
smaller than parallel temperatures (Ti⊥ < Ti‖),
or by anisotropy between the perpendicular and
parallel kappa indexes which characterize a ion
PBK distribution. The work appearing in dos San-
tos et al. (2016) was closely related to the work
appearing in two other relatively recent papers
dedicated to low frequency electromagnetic waves,
one that discussed the ion-firehose instability in
a plasma without dust (dos Santos et al. 2014),
and another which discussed the EMIC instability
(which occurs when Ti⊥ > Ti‖) (dos Santos et al.
2015), also in a plasma without dust.
The possibility of presence of dust in the
plasma, taken into account in Ref. dos San-
tos et al. (2016), was motivated by observations
which have shown that the plasma in the solar
wind may contain a dust population (Mann et al.
2004; Marsch 2006; Schwenn 2006; Mann 2008;
Kruger et al. 2007; Gru¨n et al. 1985; Ishimoto and
Mann 1998; Meyer-Vernet et al. 2009; Mann 2010;
Krueger et al. 2015). In fact, observations of the
inner region of the solar system, made with satel-
lites like Ulysses, Galileo, or Cassini, have shown
the existence of a population of small dust parti-
cles, with sizes which range from the nanometric
to the micrometric size. The number density of
dust particles has been seen to be much smaller
than that of the solar wind particles, but it is
estimated that the total mass of dust particles
in the inner region of the solar system may be
about the same order of magnitude as the mass of
plasma particles. Dust has also been observed as a
significant element in some specific environments,
like in the neighborhood of comets (Mendis and
Hora´nyi 2013), in planetary rings (Goertz 1989),
and in the vicinity of Jupiter’s satellites (Gru¨n
et al. 1997). Dust may therefore play relevant role
in the dynamics of plasma in the solar wind. The
presence of dust affects the dispersion properties
of plasmas, leading to modifications in the prop-
erties of plasma waves in comparison with those
in a dustless plasma, and also to the occurrence
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of new modes, associated to the dynamics of the
dust (Shukla 1992; Rao 1993).
In the present paper we return to the study
of effects due to form of the velocity distribution
functions, particularly the effect of PBK distribu-
tions, considering now waves in the IC branch of
the dispersion relation of low frequency electro-
magnetic waves, in a dusty plasma. We concen-
trate on the study of parallel propagating waves,
since this is the condition that leads to the maxi-
mum growth rate for the EMIC instability (David-
son and Ogden 1975; Gary et al. 1976; Gary 2005).
The investigation is complementary to that ap-
pearing in dos Santos et al. (2016), which consid-
ered waves in the whistler branch, and to that ap-
pearing in dos Santos et al. (2015), which studied
IC waves in a dustless plasma.
The paper is organized as follows: In section
2 we briefly describe the theoretical formulation
which leads to the dispersion relation for electro-
magnetic waves propagating parallel to the am-
bient magnetic field in a dusty plasma, consider-
ing different forms of the velocity distribution for
plasma particles, either PBK or bi-Maxwellian.
The discussion which is presented is very brief
and dedicated to the presentation and definition
of quantities and expressions used in the present
paper, with references to the literature in what
concerns details of the derivation. Section 3 is
dedicated to presentation and discussion of results
obtained by numerical solution of the dispersion
relation, considering different combinations of ion
and electron distribution functions and different
sets of parameters. Section 4 presents some final
remarks.
2. Theoretical Formulation
For electromagnetic waves which propagate
along the ambient magnetic field, in plasmas with
particles described by distribution functions which
have even dependence on the velocity variable
which is parallel to the direction of the magnetic
field, the dispersion relation is obtained as the
solution of the following determinant,
det
εxx −N2‖ εxy 0−εxy εxx −N2‖ 0
0 0 εzz
 = 0, (1)
where it has been taken into account that, for
k⊥ → 0, εyy = εxx and εxz = εyz = 0, and where
N‖ is the parallel component of the refraction vec-
tor, N = ck/ω.
The determinant given by equation (1) can be
separated into two minor determinants, and the
dispersion relation of our interest becomes the fol-
lowing,
N2‖ = εxx ± iεxy, (2)
The components of the dielectric tensor which
appear in dispersion relation (2) in a dusty plasma
can be written as follows
εxx = 1 +
1
z2
∑
β
ω2pβ
Ω2i
1
nβ0
∞∑
m=1
(
q⊥
rβ
)2(m−1)
(3)
×
m∑
n=−m
n2A (|n|,m− |n|) J (n,m, 0; fβ0)
εxy = −εyx = i 1
z2
∑
β
ω2pβ
Ω2i
1
nβ0
∞∑
m=1
(
q⊥
rβ
)2(m−1)
×
m∑
n=−m
mnA (|n|,m− |n|) J (n,m, 0; fβ0)
εyy = 1 +
1
z2
∑
β
ω2pβ
Ω2i
1
nβ0
∞∑
m=1
(
q⊥
rβ
)2(m−1)
×
m∑
n=−m
B (|n|,m− |n|) J (n,m, 0; fβ0) ,
where
J(n,m, h; fβ0) ≡ z
∫
d3u
uh‖u
2(m−1)
⊥ u⊥
z − nrβ − q‖u‖ + iν˜0βd(u)
×
[(
1− q‖
z
u‖
) ∂fβ0
∂u⊥
+
q‖
z
u⊥
∂fβ0
∂u‖
]
and where A(n,m) and B(n,m) are numerical co-
efficients. In equations 3, non dimensional vari-
ables have been used, defined z = ω/Ωi, rβ =
Ωβ/Ωi, ν˜
0
βd(u) = ν
0
βd(u)/Ωi, q⊥ = k⊥vA/Ωi,
q‖ = k‖vA/Ωi, u = v/vA. The quantity ωpβ =√
4pinβ0q2β/mβ is the plasma frequency for species
β, Ωβ = qβB0/(mβc) is the cyclotron angular
frequency for species β, vA = B0/
√
4pini0mi is
the Alfve´n velocity, and ν0βd(u) is the frequency
of inelastic collisions between dust particles and
plasma particles of species β. As it is known, the
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presence of an imaginary term in the denomina-
tor of the velocity integrals which appear in the
components of the dielectric tensor, due to col-
lisional charging of dust particles, leads to colli-
sional damping of waves, in addition to the colli-
sionless damping Tsytovich et al. (2002); de Juli
et al. (2005); Schneider et al. (2006).
In terms of non dimensional variables, the fre-
quency of inelastic dust-plasma collisions may be
written as follows,
νj0β0(u) =
pia2jn
j
d0vA
u
(
u2 − 2qd0qβ
mβv2Aa
)
(4)
×H
(
u2 − 2qd0qβ
mβv2Aa
)
,
where qd0 is the equilibrium value of the dust
charge. It is assumed that the dust charge is ac-
quired via inelastic collisions between plasma par-
ticles and the dust grains, and it is therefore conve-
nient to write qd0 = −eZd0, where Zd0 is the dust
charge number and |e| is the absolute value of the
charge of and electron. The minus sign occurs be-
cause the charge acquired via collisional processes
is negative. In the derivation of equations (3), it
was assumed for simplicity that all dust particles
are spherical, with radius a. Details of the deriva-
tion of equations (3) can be obtained in Ziebell
et al. (2008).
Using the expressions for the components εij
given by equations (3), the dispersion relation can
be written in a very simple form, depending on
the integral quantities J(s,m, h; fβ0),
N2‖ = 1 +
1
2z2
∑
β
ω2pβ
Ω2i
1
nβ0
J (s, 1, 0; fβ0) (5)
with s = ±1. The dependence of the dispersion
relation on the velocity distribution functions of
the plasma particles appears only in the integral
quantities J(s,m, h; fβ0). For evaluation of these
integral quantities, we utilize an approximation,
which is to use the average value of the inelastic
collision frequency, obtained as follows,
νβ ≡ 1
nβ0
∫
d3uν0βd(u)fβ0(u), (6)
instead of the velocity dependent form ν0βd(u).
For description of the plasma particles, we con-
sider that their velocity distributions can be either
PBK distributions or bi-Maxwellian distributions.
The PBK distribution to be used is based on the
kappa distribution as defined in Leubner (2002),
and can be written as follows,
fβ,κ(u‖, u⊥) =
nβ0
pi3/2κβ⊥κ
1/2
β‖ u
2
β⊥uβ‖
(7)
× Γ(κβ⊥)Γ(κβ‖)
Γ(κβ⊥ − 1)Γ(κβ‖ − 1/2)
×
(
1 +
u2⊥
κβ⊥u2β⊥
)−κβ⊥ (
1 +
u2‖
κβ‖u2β‖
)−κβ‖
,
while the bi-Maxwellian velocity distribution is
given in dimensionless variables by the well known
expression,
fβM (u‖, u⊥) =
nβ0
pi3/2u2β⊥uβ‖
e−u
2
⊥/u
2
β⊥e−u
2
‖/u
2
β‖ .(8)
In equation (7), and in equation (8) as well, we
have used the non dimensional thermal velocities
for particles of species β, defined as
u2β⊥ =
2Tβ⊥
mβv2A
, u2β‖ =
2Tβ‖
mβv2A
,
where Tβ⊥ and Tβ‖ denote respectively the per-
pendicular and parallel temperatures for particles
of species β. The anisotropy of temperatures for
a given species is usually denoted by the ratio
Tβ⊥/Tβ‖.
Equation (7) is the form of PBK distribution
which has been used in a previous study made
on the EMIC instability for dustless plasmas (dos
Santos et al. 2015), and also in studies made on
waves in the whistler branch, in dustless and in
dusty plasmas (dos Santos et al. 2014, 2016), re-
spectively.
As can be easily verified from equation (7), a
PBK distribution has two sources of anisotropy
between perpendicular and parallel directions, the
difference in the temperature variables Tβ⊥ and
Tβ‖, and the difference in the kappa indexes κβ⊥
and κβ‖. Effective temperatures along perpendic-
ular and parallel directions can be defined, and in
energy units are given as follows,
θβ⊥ = mβ
∫
d3v
v2⊥
2
fβ0 =
κβ⊥
κβ⊥ − 2Tβ⊥, (9)
θβ‖ = mβ
∫
d3v v2‖fβ0 =
κ‖
(κ‖ − 3/2)Tβ‖.
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It is seen that the effective temperatures θβ⊥
and θβ‖ are larger than the corresponding tem-
peratures Tβ⊥ and Tβ‖. This feature is character-
istic of distributions based on the kappa distribu-
tion as defined in (Leubner 2002). Kappa distri-
butions as defined in Summers and Thorne (1991),
which are not considered in the present paper, fea-
ture effective temperatures which are equal to the
respective temperatures Tβ⊥ and Tβ‖ (Livadiotis
and McComas 2013b,a; Livadiotis 2015).
Using fβ0 as the distribution given by equation
(7), with use of the approximation given by equa-
tion (6), the integral J appearing in the dispersion
relation, given by equation (5), becomes as follows
(Galva˜o et al. 2011)
J(s, 1, 0; fβ0) = nβ0
2κβ⊥
κβ⊥ − 2
[
−κβ⊥ − 2
κβ⊥
(10)
+
u2β⊥
u2β‖
κβ‖ − 1/2
κβ‖
+
(
ζ0β − ζˆsβ
) κβ⊥ − 2
κβ⊥
Z(0)κβ‖(ζ
s
β)
+
u2β⊥
u2β‖
ζsβZ
(1)
κβ‖(ζ
s
β)
]
,
where
ζ0β =
z
q‖uβ‖
, ζsβ =
z − srβ + iν˜β
q‖uβ‖
, (11)
Z(0)κβ‖ (ξ) = i
κβ‖ − 1/2
κ
3/2
β‖
(12)
×2F1
1, 2κβ‖, κβ‖ + 1; 1
2
1 + iξ
κ
1/2
β‖
 ,
κβ‖ > −1/2
Z(1)κβ‖ (ξ) = i
(
κβ‖ − 1/2
) (
κβ‖ + 1/2
)
κ
3/2
β‖
(
κβ‖ + 1
) (13)
×2F1
1, 2κβ‖ + 2, κβ‖ + 2; 1
2
1 + iξ
κ
1/2
β‖
 ,
κβ‖ > −3/2,
and where 2F1 is the hypergeometric Gauss func-
tion.
Using fβ0 as the bi-Maxwellian distribution
function given by equation (8), and using the ap-
proximation given by equation (6), the J integral
which has to be used in the dispersion relation be-
comes the following
J(s, 1, 0; fβ0) = 2nβ0
{
ζ0βZ(ζ
n
β ) (14)
−
(
1− u
2
β⊥
u2β‖
)[
1 + ζnβZ(ζ
n
β )
]}
,
where Z is the well-known plasma dispersion func-
tion (Fried and Conte 1961),
Z(ζ) =
1√
pi
∫ +∞
−∞
dt
e−t
2
t− ζ (15)
A timely comment is that equation (10), for
κβ‖ → ∞ and κβ⊥ → ∞, becomes the same as
equation (14).
3. Numerical Analysis
For the numerical analysis about the effect of
dust on the dispersion relation of IC waves, and
on the growth rate of the EMIC instability, we
consider the same parameters which we have used
in our previous study about the IC waves, which
was made without considering the presence of dust
(dos Santos et al. 2015), and add the dust popu-
lation. For the non dimensional parameters vA/c
and βi we assume the values vA/c = 1.0 × 10−4
and βi = 2.0 (except for one figure, where we
take βi = 0.2), for the ion charge number we
take Zi = 1.0, and for the ion mass we assume
mi = mp, the mass of a proton. Moreover, since
we are interested in an instability generated by
anisotropy in the ion distribution, we consider in
all cases to be studied that the electron tempera-
ture is isotropic and is the same as the ion parallel
temperature, Te = Ti‖. With this choice of pa-
rameters, the results to be obtained in the present
analysis, in the limit of vanishing dust population,
can be directly compared with the results obtained
in dos Santos et al. (2015). When a dust pop-
ulation is taken into account, we assume micro-
metric particles, with radius a = 1.0 × 10−4 cm.
Moreover, in the ensuing numerical analysis, the
number density of the dust population is given
in terms of the number density of the ion pop-
ulation, which is another parameter which has to
be assumed. We take the ion number density as
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ni0 = 1.0 × 109 cm−3, value which can be repre-
sentative of outbursts in carbon-rich stars, envi-
ronment where effects associated to the presence
of dust are expected to be very significant (Tsy-
tovich et al. 2004). In fact, it was even argued
that in these environments the conditions may
be such that dust grains can eventually become
coupled, forming dust molecules (Tsytovich et al.
2004). Such strongly coupled dusty plasmas are
not contemplated in our analysis, which is valid
for weakly coupled dust. With the choice made
for the ion number density, the results to be ob-
tained in the present analysis of dusty plasmas can
be compared, in the limit where the particle distri-
butions tend to be Maxwellian or bi-Maxwellian,
with results obtained in de Juli et al. (2007), where
the same set of parameters has been utilized.
Using these parameters, we solve the dispersion
relation considering different forms of the distri-
bution functions for ions and electrons, and dif-
ferent values of the number density population
of dust particles. In the figures which follow,
the left columns show the values of the imagi-
nary part of the normalized frequency, zi, and
the right columns show values of the real part,
zr. Figures 1(a) and 1(b) show the results ob-
tained considering for the ions a PBK distribution
with κi⊥ = κi‖ = 5.0, and for the electrons an
isotropic Maxwellian distribution, in the absence
of dust ( = 0.0). With the chosen distributions,
for the ions the integral J in the dispersion relation
(5) is given by equation (10), and for the electrons
by equation (14). The individual curves show the
results obtained considering different values of the
ion temperature anisotropy, Ti⊥/Ti‖= 2, 3, 4, 6,
and 8. It is seen that the growth rates of the in-
stability, that is, the magnitude of the values of
zi > 0, increase with the increase of the tempera-
ture ratio. It is also seen that the range of values
of q where instability occurs increases as well. In
figures 1(c) and 1(d) we show results obtained con-
sidering the same combination of particle distribu-
tion functions used in the case of figures 1(a) and
(b), but assuming Ti⊥/Ti‖ = 5 and several values
of the relative dust population,  = nd0/ni0. Fig-
ure 1(c) shows that the overall effect of the pres-
ence of dust is a reduction of the instability, both
in the magnitude of the growth rates and in the
range of unstable wave numbers. It is seen that for
the combination of distributions which has been
considered the instability will be suppressed if the
relative number density of the dust population be-
comes somewhat above  = 1.0 × 10−5. At the
right-hand side, figure 1(d) shows that the values
of zr decreases with the increase of dust density,
for all values of wavenumber.
The influence of different forms of the velocity
distribution functions in a dusty plasma is dis-
cussed in panels (e) and (f) of figure 1, which
were obtained considering Ti⊥/Ti‖ = 5 and  =
2.5 × 10−6. The red curves in figures 1(e) and
1(f) are obtained for the case of bi-Maxwellian
ion distribution and isotropic Maxwellian distri-
bution for the electrons, The green curves are ob-
tained for the case of PBK ion distribution with
κi⊥ = κi‖ = 5.0, and isotropic Maxwellian dis-
tribution for the electrons, and correspond to the
green curves in panels (c) and (d). The compari-
son between the green and the red curves in panel
(f) show that the PBK ion distribution leads to
significant increase in the instability growth rates
and on the range of wave numbers with instability,
in comparison with the bi-Maxwellian case. There
is also the appearing of a region of damping for
small values of q, which is not present in dustless
plasmas. On the other hand, for bi-Maxwellian
ion distribution, and a PBK distribution for the
electrons, with κe⊥ = κe‖ = 5.0, the blue curves
in figures 1(e) and (f) show that the magnitude
of the growth rates is reduced as compared to the
case of Maxwellian electron distribution. If PBK
distributions are assumed for both ions and elec-
trons, with κe⊥ = κe‖ = 5.0 and κi⊥ = κi‖ = 5.0,
the magenta curves in panels (c) and (d) show that
the effect is a significant increase of the growth
rates in comparison with the result depicted by
the blue curves. However, the growth rates are
smaller than those depicted by the green curves.
The conclusions are that, for the same kappa in-
dexes, the PBK ion distribution contributes to in-
crease the growth rate of the EMIC, and that this
effect is more significant than the tendency of de-
crease in the growth rates, due to a PBK electron
distribution.
In figure 2 we investigate the effect of the value
of the kappa index on the EMIC instability, when
ions and/or electrons are described by PBK dis-
tributions, considering fixed values of ion temper-
ature ratio, Ti⊥/Ti‖ = 5.0, and dust relative num-
ber density,  = 2.5 × 10−6, with other parame-
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ters the same as those used in the case of figure
1. In figures 2(a) and 2(b) we show results ob-
tained in the case that the electrons are described
by a Maxwellian distribution, and the ions are de-
scribed by a PBK distribution, considering five
values of the kappa indexes, κi⊥ = κi‖ = 20, 10,
6, 5, and 4. The ratios of effective temperatures
are therefore θi⊥/θi‖ = 5.14, 5.31, 5.63, 5.83, and
6.25, respectively. Figure 2(a) shows that for κi
indexes equal to 20, the EMIC instability occurs
for 0.2 ≤ q ≤ 1.65. With decrease of the kappa
indexes to 10, the upper limit of the unstable re-
gion is moved to q ' 1.8, and the lower limit is
decreased from the previous value. With further
decrease of the kappa indexes, the unstable region
increases considerably, extending well beyond the
maximum value of q which is shown in figure 1.
The lower limit of the unstable region continues to
decrease, being q ' 0.13 for kappa indexes equal
to 4. The maximum value of the growth rate also
increases with the decrease of the ion kappa in-
dexes, being zi ' 0.38 at q ' 0.8, in the case of
κi⊥ = κi‖ = 20, and zi ' 0.77 at q ' 1.1, in
the case of κi⊥ = κi‖ = 4. For the real part of
the dispersion relation, figure 2(b) shows that the
effect of reduction of the kappa index in the ion
distribution is and increase of the value of zr, at
all wavelengths.
In figure 2(c) and 2(d) we present results ob-
tained from numerical solution of the dispersion
relation in the case of ions described by a bi-
Maxwellian distribution and electrons described
by PBK distribution, with κe⊥ = κe‖ = 20, 10,
6, 5, and 4. Despite the isotropy of electron tem-
perature, Te⊥ = Te‖, there is an effective electron
anisotropy given by θe⊥/θe‖, which goes from 1.03
in the case of kappa indexes equal to 20, to 1.25 in
the case of kappa indexes equal to 4. Figure 2(c)
shows that the decrease of the kappa indexes of
the electron distribution is associated to decrease
in the magnitude of the growth rates and range
of the EMIC instability, contrarily to what was
observed in the case of decrease of the kappa in-
dexes of the ion distribution, in figure 2(a). For
the real part of the dispersion relation, figure 2(d)
shows that the effect of the kappa index in the elec-
tron distribution is very small, much less signifi-
cant than the effect due to the ion kappa indexes,
seen in figure 2(b).
In figure 2(e) and 2(f) we depict results ob-
tained considering both ions and electrons de-
scribed by PBK distributions, with the same
kappa indexes, considering kappa indexes 20, 10,
6, 5, and 4. In consonance with the results shown
in figures 2(a) and 2(c), where it is seen that the
growth rate of the EMIC instability tends to in-
crease with the decrease of the kappa index in
the ion PBK distribution, and decrease with the
decrease of the kappa index in the electron PBK
distribution, the results shown in figure 2(e) fea-
ture growth rates with values which are in between
those obtained in panels (a) and (c). For instance,
in the case of kappa values equal to 5, figure 2(e)
shows that the maximum value of zi is nearly 0.51,
while it is zi ' 0.6 in the case of figure 2(a) and
zi ' 0.23 in figure 2(c).
Figure 3 reproduces the analysis made in figure
1, but considering βi = 0.2, instead of β = 2.0.
The comments which can be made about the re-
sults shown in figure 3(a) are qualitatively similar
to those made about figure 1(a), with the differ-
ence that the onset of the instability in the case
of lower βi occurs for larger values of q than in
the case of higher βi, and that the instability in
the case of lower βi requires slightly larger value of
the ion temperature ratio in order to be started.
Regarding the dependence on the dust density, fig-
ure 3(c) shows that the presence of dust leads to
a reduction of the magnitude of the growth rates
and in the range of unstable wave numbers, as in
the case of higher βi presented in figure 1, with
effectiveness which depends upon the velocity dis-
tribution functions. In the case of electrons with
Maxwellian distribution and ions with PBK dis-
tribution with κi⊥ = κi‖ = 5.0, shown in figures
3(c) and 3(d), the EMIC instability ceases to exist
for  ' 1.0 × 10−5. Panels (e) and (f) show the
results of analysis of the effect of change in the
particle distribution functions, for a given value of
dust density ( = 2.5 × 10−6). It is seen in figure
3(e) that the use of a PBK ion distribution leads to
significant increase in the magnitude of the growth
rates and in the range of unstable wave numbers,
similarly to what has been seen for higher βi in fig-
ure 1(e). Figure 3(e) also shows that the use of a
PBK electron distribution leads to some decrease
in the magnitude of the growth rate, but the ef-
fect is less pronounced than obtained in the case
of figure 1(e). It is also seen in figure 3(e) that
the damping region which appears for small q is
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considerably larger than obtained in the case of
higher βi, in figure 1(e). Regarding the real part,
the three panels in the right column of figure 3
show effects qualitatively similar to those shown
in figure 1, but with less intense in the case of
lower βi than in the case of higher βi.
In figure 4 and 5 we investigate the effect of
anisotropy of the κ indexes in the ion distribu-
tion, considering isotropic electron and ion tem-
peratures. The column at the left show the values
of zi, and the right column show the values of zr.
In the case of figure 4, we consider a fixed value
of the relative dust density,  = 2.5 × 10−6, and
other parameters as in figure 1. For this figure,
we assume PBK ion distributions, with isotropic
temperatures, κi‖ = 30, and four values of κi⊥,
namely κi⊥ = 20, 10, 5, and 2.93. These values of
the ion kappa parameters correspond to effective
ion temperature ratio given by 1.06, 1.19, 1.58,
and 2.99, respectively. Panels (a) and (b) depict
results obtained considering isotropic Maxwellian
distribution for electrons, and panels (c) and (d))
show results obtained considering PBK distribu-
tion for electrons, with κe⊥ = κe‖ = 5.0, and
isotropic temperatures. We can compare the re-
sults appearing in figure 4(a) with those in figure
1(d), which was obtained considering the same pa-
rameters and similar combination of velocity dis-
tribution functions, except that in figure 1(d) the
ion kappa indexes were isotropic and the ion tem-
peratures were anisotropic. For instance, it is seen
in figure 1(d) that for Ti⊥/Ti‖ = 3.0 there is insta-
bility in the range 0.2 ≤ q ≤ 1.4, with maximum
value zi ' 0.25. In the case of figure 4(a) the in-
stability which appears for κi⊥ = 2.93 (θi⊥/θi‖ =
2.99) occurs for 0.3 ≤ q ≤ 0.9, with smaller value
of the maximum growth rate. Another comparison
which can be made is between the growth rates ap-
pearing in figures 4(c) and 1(h). Both figures show
results obtained with PBK distributions for ions
and electrons, with anisotropic temperatures in
figure 1 and anisotropic ion kappa indexes in figure
4. In figure 1(h) the instability for Ti⊥/Ti‖ = 3.0
occurs in the region 0.22 ≤ q ≤ 1.15, with maxi-
mum growth rate which approaches zi = 0.2. In
figure 4(c), the case with κi⊥ = 2.93, for which the
ratio of effective temperature is θi⊥/θi‖ = 2.99,
does not show positive values of zi. The conclu-
sion which can be drawn is that the anisotropy
in the effective temperature which is due to the
anisotropy of the kappa parameters of the ion dis-
tribution is not so effective as the anisotropy of the
ion temperature parameters, on the effectiveness
of the EMIC instability.
In figure 5 we investigate with more detail the
role of the dust density in the case of ions with
a PBK distribution, considering several values
of the dust relative density, and other parame-
ters which are the same as in the case of figure
1. Figures 5(a) and (b) show results obtained
assuming a PBK ion distribution with isotropic
temperatures and anisotropic kappa parameters,
with an isotropic Maxwellian to describe the elec-
tron population. The ion kappa parameters are
κi‖ = 30 and κi⊥ = 2.93, so that the effective
temperature anisotropy of the ion distribution is
θi⊥/θi‖ = 2.99. For this case, the values of zi
seen in figure 5(a) show that the EMIC instability
disappears for dust population between the values
 = 2.5×10−6 and  = 5.0×10−6. Figures 5(c) and
5(d) show results obtained assuming that the elec-
tron distribution function is a PBK distribution,
with isotropic temperatures and κe‖ = κe⊥ = 5.0,
instead of an isotropic Maxwellian, with the ion
distribution and other parameters equal to those
used in the case shown in figures 5(a) and 5(b).
This example shows that, also in the case of ion
distribution with anisotropy due to the kappa in-
dexes, the increase of the non thermal character
of the electron distribution, with the presence of
a power-law electron tail, contributes to decrease
the EMIC instability due to the anisotropic ion
distribution.
For another comparison with the results shown
in figure 5(a), figure 5(e) shows the values of zi
obtained with isotropic Maxwellian distribution
for electrons and PBK distribution for ions, with
isotropic ion kappa indexes κi⊥ = κi‖ = 5.0
and anisotropy due to the ion temperatures. We
choose the ion temperature ratio as Ti⊥/Ti‖ =
2.565, which leads to the same anisotropy of the
effective temperatures as in figure 5(a). It is seen
that in the case of figure 5(e) the instability is
slightly stronger, with larger range of unstable
wave numbers, than in the case of figure 5(a). As
already noticed in the commentaries about figure
4, it is seen that the anisotropy which is due to
anisotropic ion kappa indexes is not so effective in
producing the EMIC instability as the anisotropy
due to the ion temperatures.
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Fig. 1.— Imaginary part (zi, left column) and
real part (zr, right column), of the normalized fre-
quency for IC mode waves, vs. normalized wave
number q. The plasma parameters are βi = 2.0,
vA/c = 1.0 × 10−4, ni0 = 1.0 × 109 cm−3, and
a = 1.0 × 10−4 cm, with isotropic electron tem-
perature, Te = Ti‖. (a) and (b) PBK distribu-
tion for ions, with κi⊥ = κi‖ = 5.0, and isotropic
Maxwellian for electrons, and several values of the
ion temperature ratio (Ti⊥/Ti‖ = 2, 3, 4, 6, and
8), in the absence of dust ( = 0); (c) and (d)
same combination of distribution functions as in
panels (a) and (b), with Ti⊥/Ti‖ = 5, and dif-
ferent values of the dust density ratio ( = 0,
2.5×10−6, 5.0×10−6, 7.5×10−6, and 1.0×10−5);
(e) and (f) different combinations of ion and elec-
tron distribution functions, with  = 2.5 × 10−6
and Ti⊥/Ti‖= 5.0. PBK distributions are evalu-
ated with κβ⊥ = κβ‖ = 5.
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Fig. 2.— Imaginary part (zi, left column) and
real part (zr, right column), of the normalized
frequency for IC mode waves, vs. normalized
wave number q, for different forms of ion and elec-
tron distribution functions, with several values of
the kappa index. Parameters are Ti⊥/Ti‖= 5.0,
 = 2.5× 10−6, and other parameters as in figure
1. (a) and (b) PBK distribution with κi⊥ = κi‖
for ions, with κ values 20, 10, 6, 5, and 4, and
Maxwellian distribution for electrons; (c) and (d)
Bi-Maxwellian distribution for ions and PBK dis-
tribution for electrons, with κe⊥ = κe‖, with κ
values 20, 10, 6, 5, and 4; (e) and (f) PBK dis-
tribution with κi⊥ = κi‖ = 5 for ions and PBK
distribution for electrons, with κe⊥ = κe‖, and κ
values 20, 10, 6, 5, and 4.
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Fig. 3.— Imaginary part (zi, left column) and
real part (zr, right column), of the normalized fre-
quency for IC mode waves, vs. normalized wave
number q. The plasma parameters are βi = 0.2,
and other parameters as in figure 1. (a) and (b)
PBK distribution for ions, with κi⊥ = κi‖ = 5.0,
and isotropic Maxwellian for electrons, and several
values of the ion temperature ratio (Ti⊥/Ti‖ = 2,
3, 4, 6, and 8), in the absence of dust ( = 0);
(c) and (d) same combination of distribution func-
tions as in panels (a) and (b), with Ti⊥/Ti‖ = 5,
and different values of the dust density ratio ( =
0, 2.5×10−6, 5.0×10−6, 7.5×10−6, and 1.0×10−5);
(e) and (f) different combinations of ion and elec-
tron distribution functions, with  = 2.5 × 10−6
and Ti⊥/Ti‖= 5.0. PBK distributions are evalu-
ated with κβ⊥ = κβ‖ = 5.
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Fig. 4.— Imaginary part (zi, left column) and
real part (zr, right column), of the normalized fre-
quency for IC mode waves, vs. normalized wave
number q, for different forms of ion and electron
distribution functions, with isotropic ion temper-
atures and different values of anisotropy in the ion
kappa indexes. Parameters are βi = 2.0, vA/c =
1.0×10−4, ni0 = 1.0×109 cm−3, a = 1.0×10−4 cm,
 = 2.5×10−6, and isotropic electron temperature
Te = Ti‖. (a) and (b) PBK distribution for ions,
with κi‖ = 30 and several values of κi⊥ (20, 10,
5, and 2.93), and isotropic Maxwellian for elec-
trons; (c) and (d) PBK distribution for ions, with
κi‖ = 30 and several values of κi⊥ (20, 10, 5, and
2.93), and PBK distribution for electrons, with
κe‖ = κe⊥ = 5.0.
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Fig. 5.— Imaginary part (zi, left column) and
real part (zr, right column), of the normalized fre-
quency for IC mode waves, vs. normalized wave
number q, for different forms of ion and electron
distribution functions, and several values of the
relative dust number density ( = 0, 2.5 × 10−6,
5.0 × 10−6, 7.5 × 10−6, and 1.0 × 10−5). Other
parameters are βi = 2.0, vA/c = 1.0 × 10−4,
ni0 = 1.0 × 109 cm−3, a = 1.0 × 10−4 cm, and
isotropic electron temperature Te = Ti‖. (a) and
(b) PBK distribution for ions, with κi‖ = 30
and κi⊥ = 2.93, with Ti⊥ = Ti‖, and isotropic
Maxwellian for electrons; (c) and (d) PBK distri-
bution for ions, with κi‖ = 30 and κi⊥ = 2.93,
with Ti⊥ = Ti‖, and PBK distribution for elec-
trons, with κe‖ = κe⊥ = 5.0; (e) and (f) PBK
distribution for ions, with κi‖ = κi⊥ = 5.0 and
Ti⊥/Ti‖ = 2.565, and isotropic Maxwellian for
electrons.
4. Conclusions
We have presented results obtained from a nu-
merical analysis of the dispersion relation for low-
frequency ion-cyclotron waves propagating along
the ambient magnetic field in a dusty plasma, con-
sidering situations where the velocity dispersion
along perpendicular direction is greater than along
the parallel direction, i.e., considering situations
which can lead to the ion-cyclotron instability. It
has been considered that either ions or electrons,
or both, can have product-bi-kappa velocity dis-
tributions. Regarding the influence of the shape
of the velocity distribution, results obtained con-
sidering absence of dust have shown that, if the
electrons are described by an isotropic Maxwellian
distribution and the ion distribution is changed
from the bi-Maxwellian limit to a PBK distribu-
tion with relatively small kappa index, the range in
wavenumber where instability occurs is increased,
and the magnitude of the growth rates is increased
as well. Conversely, if the ion distribution is a
bi-Maxwellian distribution and the electron distri-
bution is changed from a Maxwellian distribution
into a PBK distribution with small kappa index,
with isotropic electron temperature, the magni-
tude of the growth rates and range of the EMIC in-
stability is somewhat reduced, but the magnitude
of the reduction is less significant than the increase
due to ion PBK distributions. Regarding the in-
fluence of dust, the results obtained have shown
that, for all shapes of ion and electron distribu-
tions which have been utilized, the presence of a
small population of dust leads to some decrease
in the magnitude of the growth rates and in the
range of the EMIC instability, in comparison with
the case without dust. We have also seen that in
presence of dust a region of wave damping appears
for small values of q, which is not present in the
dustless case. The appearing of this damping for
large wavelengths, and the overall reduction in the
growth rates of the instability in the presence of
dust, are consequence of the collisional charging
of the dust particles. All these features, related
to different forms of ion and electron distributions
and to the presence of a small amount of dust, have
been obtained considering the plasma parameter
βi = 2.0, and have also been verified considering
one example with smaller value of this parameter,
βi = 0.2.
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Still regarding the effect of the presence of dust,
the results obtained have shown that a value of the
relative number density of dust which is enough
to make disappear completely the EMIC instabil-
ity in bi-Maxwellian plasma, may be not enough
to overcome the instability in plasmas with ions
described by PBK distributions with small kappa
index. It has also been seen that the increase in
the dust population leads to decrease of the phase
velocity of the IC waves, for all types of combina-
tions of Maxwellian and PBK distributions which
have been investigated.
For fixed temperature ratio Ti⊥/Ti‖ and fixed
dust number density, it has been seen that the
decrease of the kappa index in a PBK ion distri-
bution leads to increase of the instability in range
and in magnitude of the growth rate, and that the
increase becomes more and more pronounced for
progressively smaller ion kappa indexes. On the
other hand, for fixed value of Ti⊥/Ti‖ and dust
density ratio, with bi-Maxwellian distribution for
ions, the decrease of the kappa index in a PBK
electron distribution leads to decrease of the EMIC
instability, in magnitude of the growth rate and in
range, but the decrease is not very pronounced.
These features can be qualitatively explained as
follows. For low frequency waves, the real parts of
the arguments of the modified Z function, which
appear in the dispersion relation, are such that
|ζsi /ζse | =
√
(mi/me)(Ti‖/Te‖). In the case of bi-
Maxwellian ion distribution and Maxwellian elec-
tron distribution, with Ti‖ = Te‖, it is known that
the ion contribution is much more significant than
the electron contribution, for the EMIC instabil-
ity. For PBK ion distribution, the population of
high energy ions is increased in comparison with
the Maxwellian case, and can be compared to the
high energy population of a higher temperature
thermal plasma. Therefore, the instability growth
rates of the EMIC are increased with the increase
of the non thermal character of the PBK ion dis-
tribution. On the other hand, if the electrons are
described by a PBK distribution, the population
of resonant electrons may be much increased, in
comparison with the thermal case. It is as if in
the resonant region the ratio |ζsi /ζse | is decreased,
by increase of an effective Te‖. Therefore, electron
cyclotron damping sets in, and the EMIC growth
rates are reduced in comparison with the thermal
case.
We have also investigated the effect of anisotropy
in the kappa indexes of the ion PBK distribution,
for given dust number density and for isotropic ion
temperatures. It has been seen that the anisotropy
due to the anisotropic kappa indexes is not so ef-
fective in producing the EMIC instability as the
anisotropy due to the ratio between the ion per-
pendicular and parallel temperatures.
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